INTRO TO GROUP REPS - JULY 16, 2012
SOLUTION SET 6
RT6. FUNCTION SPACES

1. (a) Since m(g)ex = €4(g), 1S another basis vector, 7(g) permutes the basis vectors; that
is, [7(g)]B is just the identity matrix with its columns permuted. Thus there is exactly a
single 1 in each row and column.

(b) If g is in G, then
m(g)v = Z CxCo(g)z = Z Co(g=N)yCy = Z Co(g~1)yCy
zeX o(gyeXx yeX
by substituting y = o(g)x and then noting that o(g~!) is a bijection on X. Thus

<an> = Z Ca:a = Z Co(g—1)y da(g—l)y = <7T(g)v,7r(g)w>.

rzeX yeX

(¢) Let Oy be an orbit in X by G. Then O, = {o(g)z | g € G}. Consider the span of

Since each 7(g) is a bijection on Oy, 7(g)vy = v, for all g in G, so trivial.
Suppose w = ) x Cz€; is a nonzero vector with trivial action by 7, and let
wy = Z Cyy-
€0y
Then
T(g)wy = Wo(g)y = Wy
for all g in G. By transitivity of the group action on Oy, each ¢y = ¢, (g),. S0 wy = cyvy,
and w =) cyvy.

(d) Define A : V* — L%(X) by A(e}) = §, where {e}} is the dual basis to {e,}, and
1 =a
51(1‘/) _ { T x

0 otherwise

One sees immediately that {5, } is an orthonormal basis for L?(X). Then extend A linearly.

Vector space isomorphism: A is linear by definition. If 0 = A(D czez) = D ¢z, then
evaluation at each g shows that each ¢, = 0, so the kernel of A is zero. Since {ey} and {J,}
are bases of V* and L?(G) respectively, onto follows immediately.
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Intertwining Operator: Since
[7*(9)ez)(ear) = ex(m(g™ )ewr) = €x(eo(g1)a);

we have that 7*(g)el = €y (g)z- Now for all g in G,

A(m*(g)ez) = Ales(g)z) = So(g)a-
On the other hand,
L(g)[Aez] = L(9)dz = b5(g)a
by a similar argument.

(e) From part (a), each m(g) may be represented as a permutation matrix. Thus the
trace is the number of 1s on the diagonal. This occurs when 7(g)e, = e, or o(g)z = x.

2. Let G = X = {£1} and let L?*(G) be the vector space of functions from G to C. Let
G act on L%*(G) by left translation: [L(g)f](z) = f(¢ '), and we define an invariant
Hermitian inner product on L?(G) by
1 _ -
(f,h) = SIF)RA) + f(=1)h(-1)].
(a) Linear: L(g)(cf +h)(x) = (cf +h)(g™'z) = c(f (g7 @) +h(g™"w) = c((L(9) f)(x)) +
(L(g)(h)) ().

The inner product is clearly invariant under L(1) :

(LD, L) = (=) FOICDAD) + L(-1) f(~ DI VA1)
= S DRCT) + FO)R(D]
= (.
(b) (Xtrivs Xtriv) = %[1-1+1-1]:1,
(oo Xoan) = 3l 1(=1) - (-1)] =1,
(Xtrivs Xsgn) %[1 1+ (1)-(=1)]=0.
(©
(PriaPorin ) (@) = 5 Puriof (2) + Priaf ()]
= S0 + Fa) + 5 (F(-2) + @)
1

= @)+ f(=2)] = Puinf ()
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<Ptrivfah> = %[Ptrwf() ()+Ptrwf( ) (_1)]

= LU+ >>ﬁ+ L) + FO)RCT)

= SR + 3 /(-1 P (1))

== (f,Ptriv >

(PsgnPsgnf)(z) = %[Psgnf(x) — Pogn f(—2)]
1.1 1

= S0~ f2) - S(f(=2) ~ @)
= @)~ f(-2)) = Punf (@)

<Psgnfvh> = [ sgnf() ()"‘Psgnf( ) (_1)]

= %[%(f(l) - f<—1>>W+ S (1) — FO)RCT)

= S5 Prguh(D) + 3 /(1) Prgnh (1)

= <>Psgnh>
@ Poinf (1) = 3B+ (4)= 1, Praf(-1) = 2(~4+3) = .
Punf(-1) = 33— (~4) =1 Pyuf(-1)= (-4~ (@) = .

§ and Csgn = <f7 ngn> = %

Verfiying Fourier’s Trick, ciriv = (f, Xtriv) =
Verifying Parseval’s Identity, 1(32 + (—4)%) = 2 = (—3)? + ()%

3. Let (m, (C*) be the permutation representation of Dg. With respect to the basis B = {e;},

0 0 01 0 0 01

1 0 0O 0010
[W(1234)]B_ 01 0 ol [71—(14)(23)]3_ 010 ol

0010 1 0 0O

Since these matrices are orthogonal, [7*(g)] g~ = [7(g)]§ for all g in G.

First note that the constant functions W7 = Span(ej + €5 + €5 + e}) yield a trivial
subrepresentation.
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The orthogonal complement to W; consists of all vectors ). ciel with Y. ¢; = 0. We
look for joint eigenvectors of 7*(r) and 7*(c). Consider the function wy = e} — €5+ e} —ej.
Both 7*(c)and 7*(r) act by —1. The span of this eigenvector is a subrepresentation of type
X2 (SS1) for Ds.

The orthogonal complement to Wy and Wa consists of all ae] + bej + ce; + dej with
a = —c and b = —d. Diagonalizing 7(c) on this space gives eigenvectors e} + e5 — e — e}
and e] — e5 — e} + e} with eigenvalues —1 and 1. Since neither is an eigenvector for 7(r),
the two dimensional span yields the irreducible subrepresentation W3 of Dg.

4. (a) Mostly straightforward. We show that (f, f) > 0 and = 0 if and only if f = 0. Note
that |f(¢)|? is real valued and non-negative. Since f is piecewise continuous on [0,27), so
is | f(x)|?, and the definite integral is just the area between the graph and the z-axis. Thus
(f,f) > 0. If |f|* = 0, then the area is zero, and, since continuous, |f(z)|*> = 0 except
possibly at the finitely-many discontinuities. Thus f(z) = 0 everywhere except at finitely
many points.

For ¢’ in R, periodicity and change of variables imply unitarity:

1 2 1 27

(L)L) = o= | fE—thh(t—t) dt = — [ f(H)h(t) dt = (f,h).

27T0 27T0

Of course, we check that L is linear:
(L(t)(ef +h))(t) = (cf +h)(t =) = c(f(t = ') + h(t —t') = [L(t') f](t) + [L(t')R)(t).

(b) Fix ¢ in R.

L) Fo(t) = Fa(t — 1) = ™70 = o706t =y () Fo () = X () Fo (1)

and
R(E)F(t) = Fo(t +t) = M) = emeint =y, (™) F(2).

(c) First note that
1 2m

— 1dt=1
2 0

and, when n # 0,

1 2

) 1 2m
2 e dt = 277/0 cos(nt) + isin(nt) dt = 0.

Thus

2 —
(P Fa) =5 [ e =30 T
2m Jo 0 otherwise
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5. (a) Since ¢, = (F, F,,), we have

1 2 .
(F\F,) = 7 F(t)e ™ qt
0
1 /0 - I
= — —e dt+/ e "™ dt
2 - 2 0
1 1
= 1— (=1 = ((-1D)"=-1)] = —(1-(=1)"
(1= (=1)") = (-1 = D) = —— (1 = (=1)")
Note that ¢, = 0 when n is even, and, since F' is real valued, c_, = ¢, = —c¢,
Thus 5 A
— int —int\ __ .
F(t)= Z ﬁ(e —e ") = Z Eszn(nt}
n>0 odd n>0 odd
(b) First (F, F) = f_ |F(t)|?dt = 1. But Parseval’s Identity states that this length
squared equals
2 _
Z en? =2 > n27r2
n>0 odd
Simplifying gives that
> ok
==
n>0 odd ¥ 8
(c) Note that
1 1 1
D Dl & D D

0 n>0 odd n>0 even

7T
= g+ Z
n>0

n

V

This gives
r s
>r-iroz
n>0

Calculating the first n terms,

n >
10 1.549768
100 1.634984
500 1.642936
750 1.643602
72 /6 1.644934

6. (a) Induction on the size of A and B: Base case: when n = 1, Trace(AB) = a11b11 =
Trace(BA).
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Induction step: Suppose true when size is n. Suppose A and B have size n + 1, and
consider the products

Al Qxn+1 B’ bint1 B’ bint1 A Qxn+1
Un+1x  An+1n+1 bn+1* bn+1,n+1 bn+1* bn+1,n+1 n+1x  An+1n+1
Here we bookkeep for the diagonal entries only: in the AB product, we have upper left
blocks plus last column of A dot last row of B plus last row of A dot last column of B.

Trace(A'B') + Z Qint1bnt1i + Z Ant1,5bjn+1-
i J

In the other direction,

Trace(B'A") + Z bjnt1Gny1; + Z brt1,iGint1-
P i

Applying the induction hypothesis to A’ and B’, the result follows.
(b)
1 1]2 0]t 0] [5 3
0 1[0 3|1 1| |3 3|’
1 1)1 0][2 o] [4 3
0 1| (1 1[]0 3] |2 3|’

8 = Trace(ABC) # Trace(ACB) = T.

in which case

7. (a) Since Trace(AB) = Trace(BA),
Trace(PAP™Y) = Trace(P~'PA) = Trace(A).

Let T: V — V be a linear transformation. Suppose we change from basis B to basis C.
Then

Trace([T)5) = Trace(Ppc|T)cPgl o) = Trace([T)c).
We verify that the definitions agree. If Tu; = > j Ajiu; then uf(Tu;) = Ay and
Trace(T) = Zuf (Tw;) = ZA“
i i

When V is an inner product space, the formula follows by noting that the dual of an
orthonormal basis {u;} is {(-,u;)}.
(b) Suppose PAP~! = D, where D is a diagonal matrix. By (a),

Trace(A) = Trace(PAP™') = Trace(D).
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The result follows since the diagonal entries of D are the eigenvalues of D, and A and D
have the same eigenvalues with multiplicities.

(¢): Induction proof on the size of A: Base case: n = 1: pa(z) = (x — a11).

Induction step: Since we work over C, there exists at least one eigenvalue A for A and
at least one nonzero eigenvector v. If we complete {v} to any basis of C"*!, then

Ak
A=y 2]
By the induction hypothesis,

pa(z) = (z—Apa(z)
= (z—\)(2" — Trace(A)z" ' +...)
= 2" AN+ TrA )" +....

Thus the induction step holds, and the result follows.
(d) One can adapt the proof of part (c), or just note that

pA(a:):(a:—Al)...(a;—An):xn_(ZAi)x"*w....

8. (a) xx(e) =Trace(m(e)) = Trace(I) = dim(V).
(b) If L : V — V' is an equivalence, then 7'(g)L = Lx(g) or n(g9) = L~ '7/(g9)L, and

Xr(g) = Trace(n(g)) = Trace(L™'7'(g)L) = Trace(n'(g)) = xx'(9)-
A similar argument gives
Xr(gzg™") = Trace(n(gzg™")) = Trace(n(g)m(z)m(g)~") = Trace(n(z)) = xx ().

(c) Each 7(g) is diagonalizable with unit eigenvalues. If Av = Av with A invertible,
then A='v = A=y, Thus A4 &mdfl_1 have the same eigenvectors, but the eigenvalues are
inverted. Since A is unit, A~! = X. Now

Xalg™!) = Trace(r(g™) = Trace(n(g) ) = 3 A" = 3 X = x:(0).

(d) If we choose bases B = {u;} and C = {v;} for V and V', then [r & 7'(¢g)] puc is block
diagonal with blocks [7(¢)]s and [7'(g)]c. Thus

Xnaw (9) = Trace((m & 7')(g)) = Trace(w(g)) + Trace(r'(g)) = Xx(9) + X (9)-
Next, with respect to the dual basis B*, [7*(g)] g+ = [7(9) 5. Thus

Xa+(9) = Trace(n*(g)) = Trace([n(9)~'|f) = Trace([r(9)"']5) = xx(9)-
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Let B* and C* be the dual bases to B and C. Then B ® C = {u; ® vj} has dual basis
B* ® C* = {u; ® vj} with
(0" @ W) ® W) = v* () ().
Now
Xeon'(9) = Trace((r@')(g)) =) _(uf @ v)[(r & 7')(g)(ui ®v))]-
)

= > ui(wlg)w) vi((9)v))
12
= D_ui(r(o)u)] v (x'(9)vy)]
= Trace(n(g)) Trace(n'(9)) = xx(9) X (9)

9. (a) We have four classes: {e}, {(i7)(kl)}, {(123), (134), (243), (142)}, and
{(132), (143), (234), (124)}.
By the sum of squares formula,
12=17+1>+ 1> + 2%
Because there are only three inequivalent (one-dimensional) characters, there is only one
more irreducible class with dimension 3.
(b) e: the representation is three dimensional, so x.(e) = 3.

(123), (132) : because trace is independent of basis chosen, we can orient the tetrahedron
as we wish. In either case, we rotate by 2% clockwise or counter-clockwise, and in some

basis
1 0 0

[7(9)lp = |0 cos(£2mi/3) —sin(+2mi/3)
0 sin(+27i/3)  cos(£2mi/3)
In either case, the eigenvalues are

1, e*2mi/3 —

SES

+

DN |

Thus x(123) = x»(132) = 0.

(12)(34): If we rotate about the segment joining the midpoints of 12 and 34 by ,
any plane parallel to 12 and 34 is rotated by w. Thus the eigenvalues are 1,—1,—1 and

¥ ((12)(34) = -1,

(c) With respect to the standard basis of R3, we see by observation that

-1 0 0
m((12)34)]s=| 0 —1 0
0 0 1
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For g = (123), we solve the equations
Tv1 = V3, T’UQ = V3, TQ}3 =11

to find each T'e;. Considering each T'(v; + v;) yields

0 -1 0
r(123)]p= [0 0 -1
1 0 0

Taking traces, we verify part (b).

(d) Since proper subrepresentations must have dimension one or two, we must have a
joint eigenvector v for all 7(g) if reducible. Consideration of 7(g)v for g = (12)(34), (14)(23),
and (13)(24) shows that v is a multiple of a standard basis vector. By applying 7(123) to
v, we see that v = 0.

Alternatively, we use the converse of Schur’s Lemma. If A commutes with all 7(g),
then consideration of g = (12)(34), (13)(24), (14)(23) shows that A is diagonal. The only
diagonal matrices that commute with 7(123) are scalar multiples of the identity. Thus 7
is irreducible.

(e) The number to the right of the class representative is the number of elements in
the class. When we compute inner products of rows, we weight by these numbers. For
instance, the inner product of rows xg and 7 is

1, - _ _ _
—(1-3+4-1-044-1-043-1-—-1) =0.

12
Ay e (1) ] (123) (4) | (132) (4) | (12)(34) (3)
X0 1 1 1 1
X1 1 w w? 1
X2 1 w? w 1
7 3 0 0 -1
One verifies orthonormality directly, noting that 1 +w + w? = 0 if w = 2™/3,

10. (a) Since f(gzg~') = f(x) for all  and g, we can replace x with zg to get
flo(zg)g™) = f(zg) or flga) = f(zg).

(b) (Af)(hah™Y) = ;Zﬂghxh—lg-l)
g

= aZf(ghﬁ(gh)_l)
g

- é| > Fgwg ™) = (Af)(@).
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(c) Let O, be the conjugacy class of = in G and define

Dy(y) = {1 v €O

0 otherwise

Then {1/|O.|D,} is an orthonormal basis for Class(G) with respect to the L?(G)-norm.

(d) Xx(g2g™") = Trace(n(gzg™")) = Trace(n(g)m(z)m(9)~") = Trace(n(x)) = xx(2).

(e) When G = Ss, there are three conjugacy classes:

{e}, {(12),(23),(13)}, and {(123),(132)}.

There are also three classes of irreducible representations: Xiriv, Xsgn, and the irreducible
two-dimensional representation.

When G = Dg, there are 5 conjugacy classes: {e}, {r?}, {r,r*},{c,cr?}, and {ecr, cr?}.
There are also five classes of irreducible representations: 4 characters and the irreducible
two-dimensional representation.

When G = @, there are also 5 classes: {1},{—1},{%:i},{£s}, and {£k}. A similar
statement holds as with Dg for irreducible classes.

When G = A4, we have four classes: {e}, {(ij)(kl)}, {(123), (134), (243), (142)}, and
{(132),(143), (234), (124)}. There are three classes of irreducible characters and one class
for the irreducible three-dimensional representation.

When G is abelian, |G| = |G*|. Each conjugacy class in G is a singleton. Thus the
number of classes for irreducible representations equals the number of conjugacy classes in
G. This also holds for non-abelian finite groups; to be seen later.



